The Hofstadter model 1/21

One-orbital, spinless, nearest neighbor tight-binding model on a square lattice with p.b.c.

magnetic

H=-) tcl, .cittel,.cithe+ field term



Without a magnetic field 2/21

Bloch theorem =- Diagonal hamiltonian in reciprocal space with

-

Ci 1= = E eiF 7 ¢
k' /NoN, & "
T

H = Z e(k) é% Ci; with energy spectrum e(lZ) = —2t cos(kza) — 2t cos(kya)




Including the magnetic field : Peierls substitution

How to take into account B ? Semi-classical argument in path integral formalism

F(t!) =7 g t! :
Transition amplitude : (?’,t’\?,t):/ ) D[F(t)]eﬁs[r(t)], S[F(t)]:/ dt L(7,7)
‘

F(t)=F



Including the magnetic field : Peierls substitution

How to take into account B ? Semi-classical argument in path integral formalism

(L)) =7 e v :
Transition amplitude : (?’,t’\?,t):/ o D[F(t)]eﬁs[r(t)], S[F(t)]:/ dt L(7,7)
R(t)=T '
charge (possibly < 0)

Including B in the lagrangian : Ezﬁ(o)—kej—f-g



Including the magnetic field : Peierls substitution

How to take into account B ? Semi-classical argument in path integral formalism
" . S = 0=\ LS[FE)] , 2 L
Transition amplitude : (7, t/|F,t) = D7 (t)] er , S[F@)]= [ dt L(7,7)
F(t)=T t

charge (possibly < 0)

Including B in the lagrangian : Ezﬁ(o)—kej—f-g

Thus,



Including the magnetic field : Peierls substitution




Including the magnetic field : Peierls substitution
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Hopping around a unit cell : accumulates a phase B
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Including the magnetic field : Peierls substitution

) 2 0 fEDEOL T it o= [ ar A
U
.i.

tc,,i,c,p —  tel?clier

B
Hopping around a unit cell : accumulates a phase B
e [ - e - _»/2—> e
& ¢p=—pdr-A=—[[ (VxA)- -d°§ =@
h h h \
:Bsu.cell

rés

Hofstadter hamiltonian :

H = — Z teiffA'ch;,c;+h.c.

(r,7)

e Full proof : go back to Wannier functions
e Actually “just” the consequence of enforcing U(1) gauge symmetry in H



Including the magnetic field : Peierls substitution

Warning, the Peierls path is not always the spatially shortest path (arxiv:2006.13938) :

Wannier functions Peierls paths




Hofstadter hamiltonian in Landau gauge

Landau gauge /_fz[ 0 Bz 0] and periodic boundary conditions :

o hopping ¥ 7+, : [A-di=B[""zéy-é,dr=0

e hopping 7 =748, : fﬂ-dF:Bf;+axe;-e;dy:Bax so that

eBa? e

+&y Cr with ng = h — E (I)u.cell.

.eBax

'efﬁ-d? 1 _ el =

2min g—
¢ el

T I
Crye, CF =



Hofstadter hamiltonian in Landau gauge

Landau gauge /_fz[ 0 Bz 0] and periodic boundary conditions :
e hopping r—r—+¢€, : fzzl,-dF:Bf;Jraxe};-e}dx:O
e hopping 7 =748, : fﬂ-dF:Bf;+axe;-e;dy:Bax so that

eBa®> e

+&y Cr with ng = h — E (I)u.cell.

.eBax

iZ[A-d7 t i +
A L — A I
e = Ctr _— e C?+éy C/r' i

27rin¢£ T

o
H=-Ytel,, cr+te™™mel . x4 he

v

with a=1, i.e. x€N.



Some symmetries 7/21

i
H = — E tC;+§x cr + te2Tine? C?J[+§y cr + h.c.
?

We have €27 =1 so
e transformation ns— ng+ 1 : H remains invariant = we can restrict to ny € [0, 1]
e transformation ngy —1—-ng: H = =) tc,;[»Jré»m cr + te 2Tinet C;Jréy cr + h.c.
which does not change eigen-energies = "reflection” symmetry
E A ~ X —

!
!
!
!
!
!
!
!
1 1 0 % 1 n¢:<1>i"e/ho<B

units



n¢:p/q 8/21

i
H = _§ tcvi—i-éx cr + te2mineT C;—l-éy cr + h.c.

=
Periodic boundary conditions along a impose that

2mwingx 2mingx



n¢:p/q 8/21

i
H = _§ tcvi—i-éx cr + te2mineT C;—l-éy cr + h.c.
,'7.’

Periodic boundary conditions along a impose that

2mwingx 2mingx

neg Ny €N = | ng=—-—,neN

Thus nqb:%E Q. We can always choose p, g coprime.

Flux is quantized in p.b.c. because we are on a closed surface (~ magnetic monopole).



Diagonalization of the Hofstadter hamiltonian

_ E T 2mingx T
T,y

Still y-translation invariant. But the phase breaks the z-translation invariance...



Diagonalization of the Hofstadter hamiltonian

_ E T 2mingx T
T,y

Still y-translation invariant. But the phase breaks the z-translation invariance...
However, we can thus partially diagonalize the hamiltonian by going in Fourier space y — k,

Mixed annihilation operator :
.kyy

~ L 1 27T1N—y h N
Cax, = —o E ¢ Cy.y Where k,€[0,N,]
Yy
y




Diagonalization of the Hofstadter hamiltonian

_ E T 2mingx T
T,y

Still y-translation invariant. But the phase breaks the z-translation invariance...

However, we can thus partially diagonalize the hamiltonian by going in Fourier space y — Ey
Mixed annihilation operator :

.kyy

Coxe, 1= — oM ¢ where k, € [0, N,]
T.ky T VN, x,y Y » Yy
y

We compute

2771k—n ~T 5 1 271'1;,—?2(—y-|—y'—|—n) 5 5
E :e :ckaE'k _Vy§ E € cwycfﬂay’_E :c:cy—l—ncxay
vy’ ky

ky



Diagonalization of the Hofstadter hamiltonian

_ E T 2mingx T
T,y

Still y-translation invariant. But the phase breaks the z-translation invariance...
However, we can thus partially diagonalize the hamiltonian by going in Fourier space y — k,
Mixed annihilation operator :

omrisvy
Cyx, ‘= . Ze Ty Cy,y wWhere k,€[0,N,]

We compute

2771k—n ~1. _ 271'1—( y+y'+n) _
E:e :ck VE E :cycway'_E:c:cy-i-ncCU,y

ky Y, Yy’ ky
SO

E : ~ =~ 2mi ky/Ny) & ~
H = — t(c;[:—{—l,ky C:U,ky 1 e Ti(ner+ky/Ny) C;r;,ky C:IZ,ky + hC)

x .,k
It is k,-diagonal ! ’



Diagonalization of the Hofstadter hamiltonian

_ Z ~ ~ 2] +ky, /N, =T =
H — . t (Cl+1’ky Cm,ky _|_ e 7T1(n¢$ y/ y) Cl,ky c:l;’ky + h.C.)

T,ky

~ ~ ~ ~ 2 ~ ~
= — E t(clJrl,ky Cz,x, + c;,ky cm+1,ky+2tcos(27rn¢x+kym> cl’ky cg;,ky)

with

:_tz c$+1cm+cTcm+1+2cos(27rn¢a:+k ) ;[,C

Note : at first sight, k,, looks like an irrelevant phase (with p.b.c.), but it is not exactly.



Hofstadter butterfly 11/21
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Low field physics

2
At B =0, at the bottom of the band, the electron has an effective mass m* =

At B #0 such that {p=+\/h/e B <a:

ta?’

= negligible lattice effects = Landau levels
eB

*

E, ~hw, (n +%) with  w,.=




Low field physics 13/21

Indeed, we observe a fan of Landau levels :
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Ny

Enghwc(n+%) with W, o< ng



Low field physics 14/21

Justification :

~ ~ ~t ~ 2 ~1 ~
H’(ky):—tz cl+acm + cl cm+a+2c:os(27rn¢%+ky ;QCL)cl Cr

Let H on a wavefunction ¥ (z, y) :



Low field physics 14/21

Justification :

~ 2 ~+ ~
H’(ky):—tz cl+acm + cT cm+a+2c:os(27rn¢ +ky ;QCL)cl Cy

Let H on a wavefunction ¥ (z, y) :
y-part is a Bloch wave, and H'(k,) acts on the z-part :

By (z) = H'(ky) tx, () = —t< aa$+e+aaw+2cos(27rn¢ +k, 2“”)) Ui, (T)
(indeed, cw+acx (c Jc,y+a8xcl,,y ) €y y = (679 Ty) Ca.y).

This is Harper's equation.



Low field physics 15/21

Ewky(x) _ Hl(ky) wky(x) _ _t<ea8x+e+a<9m—|—2008(27Tn¢%—{—ky2%;)> wky(af)

Continuum limit a <l & eB<h/a*:



Low field physics 15/21

Eiy () = H'(ky) i (T) = —t<eaade +eT0x 42 COS(27T n¢%+ ky %)) U, ()

Continuum limit a <l & eB<h/a*:

Y, () varies slowly (envelope function) and the cos can be expanded :

m™a T 2
Eiy (v) ~ —t <2+a28§+2(ky QNy —|—27T72¢E> >wky(az)

2 (_; 2 2
[m*:2—hQ n¢:eBa2] _ —(cst—ta (—1h0y) ta (2ﬂﬁky+63x)2)¢ky(x)

ta?’ h ;2 9 A2 N,

= —— (cst+p2+ (p2+e Bx)?) gy, (2)

2m*




Low field physics 15/21

Eiy () = H'(ky) i (T) = —t<eaade +eT0x 42 COS(27T n¢%+ ky %)) U, ()

Continuum limit a <l & eB<h/a*:

Y, () varies slowly (envelope function) and the cos can be expanded :

m™a T 2
Eiy (v) ~ —t <2+a28§+2(ky QNy —|—27T72¢E> >wky(az)

> . Ba? ta®? (—ihd.)? ta? [2nhx, 2
[m*:%,n¢: E;L ] = —(cst— ﬁz( 5 )— hQ( N, ‘|‘€B5U) ¢ky($)
= L (st p2+ (PRt e B)®) ()

This is the Landau hamiltonian |

Hy, = o (p2+ (0} + ¢ Bo)?)



Are we bound to always be ng <17 16/21

Cf. lecture :
Ir — 26 nm S = 0.142nm for graphene
b B[T] | 0.565nm for GaAs
3-10*T for graphene
& B
> { 2-103T for GaAs

e In HbN substrate with Moire superlattice, high field (~ 40 T)
= 0-energy Landau level = massless Dirac fermions;

e While in graphene, 0 Landau level split into 2 non-0 energy
levels.




Particle-hole symmetry 17/21

How to explain the ' <> —F symmetry ?

Consider the transformation I': ¢, ,, — (—1)"TY ¢, .

o
H = —t E clﬂ yCo,y + €770 cljyﬂcx,y + h.c.
_ 2: 2:c+1+2 T 204+2y+1 2mingx T
= t yczc—l-l ycx Y + ( 1) Y | ¢ Cy y—i—lcx,y + h.c.
— 7 71

- -H = [THI'=—H

Consequence : if 9(x, y) is an eigenstate of energy F, then (—1)*T¥4(x, y) is a different
state of energy —F = spectrum is symmetric around 0.



Particle-hole symmetry 17/21

How to explain the ' <> —F symmetry ?
Consider the transformation I': ¢, , — (—1)"TY ¢, 4.

Consequence : if 1(x,y) is an eigenstate of energy F, then (—1)*T¥4(x, y) is a different
state of energy —FE = spectrum is symmetric around 0.

This is because a square lattice is bipartite. A triangular lattice would not have this symmetry :




E/t

Open boundary conditions

N, =120; N = 60; ng =+

1

E/t

[=]

|
N
s

0 1 2 3 4 5 6

2mky /Ny,

0 1 2 3 4 5 6
2nky, /N,




Exploiting “magnetic translation” invariance

The z-translation invariance is broken... and a N, x N, hamiltonian is slow to diagonalize.



Exploiting “magnetic translation” invariance

The z-translation invariance is broken... and a N, x N, hamiltonian is slow to diagonalize.
But...

o 2 : T 2ringx .71
z,y

is still invariant when we translate along x by g sites (ngy="7/,) :

2ringx LT 2ring(z+q) LT
€ Cm,y+1CCU7y = ? ,Cx+q,y+1cw+q7y
NV
orip Tt d
=
2mipZ
- 2mwin ,x
O q — O d)

+ p.b.c.




Exploiting “magnetic translation” invariance 20/21

Bloch hamiltonian with unit cell ¢ x 1 (with p flux quanta) = BZ ¢-folded



Exploiting “magnetic translation” invariance 20/21

Bloch hamiltonian with unit cell ¢ x 1 (with p flux quanta) = BZ ¢-folded

E
1
T
—F— ng=>0
i P R ‘S/,,\?‘ PR | /1
o[
—4




Exploiting “magnetic translation” invariance 21/21

H'(k,) = —tz élﬂéx + éléw+1+2008(27rn¢x+ky) él,éx (]gy:ky%)

Zcos(27rn¢:r;)...zzCos(27rn¢j)z... j€ll,q] z=nqg+j

x J n
Introduce
~ 1 E 2mikgn & ) = — =
ijkwaky T W € qu—’_.jaky7 CQ7km7kyzcoakw7ky
n
/ § 12
ks
with

"_ Comik, ET X omiks 5T X - 3
H" = E e tmhe el €, PTGk, +2c08(2mng j + ky) €] 1, €k,
J



